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Roundoff Error Analysis of Digital Filters*

UDO ZOLZER, AES Member

Department of Telecommunications, Technical University of Hamburg, D-21071 Hamburg, Germany

Digital filtering of audio signals in professional mixing consoles requires low-roundoff-
noise digital filter structures which are suitable for realizing very low pole frequencies.
Without appropriate choice of the digital filter structure the effects of limited word
length lead to high necessary internal word length of the signal processor. On the basis
of a roundoff error analysis a new recursive digital filter structure is compared with
already known filter structures, especially for very low cutoff frequencies. With the
help of additional zeros in the noise transfer functions (error spectrum shaping) a
further reduction of roundoff noise and the suppression of limit cycles can be achieved.

0 INTRODUCTION

For recursive digital filter structures the limited word
length of a signal processor implementation leads to
two different quantization errors. The quantization of
the coefficients influences the linear distortion of the
frequency response. The quantization of the signal is
responsible for the maximum dynamic range and de-
termines the roundoff noise behavior of the digital filter.
Another effect of the signal quantization is the limit
cycles. They can be separated into overflow limit cycles,
small-scale limit cycles, and limit cycles correlated
with the input signal. Limit cycles are very disturbing
because of their small-band character. The roundoff
noise and the coefficient sensitivity of a digital filter
structure depend on the topology of the specific filter
structure and on the pole frequency (cutoff frequency).
This paper considers different filter topologies and their
specific pole distributions. A statistical analysis of
quantization in fixed-point realizations of recursive
digital filters is demonstrated, and the application of
error spectrum shaping is analyzed.

1 POLE DISTRIBUTIONS

The basis for the following considerations concerning
recursive digital filter structures is the connection be-
tween coefficient sensitivity and roundoff noise. This
was first stated by Fettweis [1] and can be used deriving
filter structures with low roundoff noise. By increasing
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the pole density in a special region of the z plane the
coefficient sensitivity and the roundoff noise in this
region can be reduced. With this improvement the
coefficient word length as well as the signal word length
can be reduced to the requirements of the application.
Typical audio filters, such as high-pass, low-pass,
peak, and shelving filters, can be approximated with
the second-order transfer function
H _a + a,z‘1 + azz_2
@ = 1+ bzl + a2

ey

The recursive part of the difference equation which can
be derived from Eq. (1) is considered first because of
its great influence on the error behavior. For a quan-
tization step size of 6 bit the quantization of the de--
nominator coefficients b, and b, of Eq. (1) leads to the
pole distribution shown in Fig. 1(a). The pole distri-
bution in the second quadrant is the mirror image of
the first quadrant. Fig. 1(b) shows the block diagram
of the corresponding recursive part of Eq. (1).

A different description of the denominator polynomial
is given by

N(z)

H@) = I + 2rcos gzt + r

7,2 )
where N(z) is the nominator polynomial, r the radius,
and ¢ the phase of the complex-conjugate poles. The
quantization of r and ¢ leads to a different pole dis-
tribution compared to the direct-form structure given
by Eq. (1). The state-variable structure of [2], [3] is
based on the approach by Gold and Rader [4], which
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is given by
_ N@)
B = o R} 77 ¥ RepF + Il 2

3)

where z; denotes the pair of complex-conjugate poles,
Re{z.} the real, and Im{z.} the imaginary part of the
pole pair.

The possible pole locations are shown in Fig. 2(a).
Re{z.} and Im{z.} are quantized to 6 bit. Again the
pole distribution in the second quadrant is the mirror
image of the first quadrant. The block diagram of the
recursive part of Eq. (3) is shown in Fig. 2(b). Compared
to the direct quantization of coefficients b, and b5, the
quantization of the real and imaginary parts of the
complex-conjugate poles offers a uniform grid of pole
locations.

The frequencies (20 Hz to 5 kHz) where the greatest
influence is required are usually small compared to the
sampling frequency of 48 kHz. This fact places the
poles of the second-order transfer function close to the
point z = | in the z plane. In order to increase the pole
density for very low cutoff frequencies Kingsbury [5]
proposed a digital filter structure with the transfer
function

N@)
1~ 2= kk — Bz — (1 - k)22
@

Cocfficients b and b, of Eq. (1) are now realized by

H(») =
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Fig. 1. Direct-form structure. (a) Pole distribution (6 bit).
(b) Recursive part.
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Fig. 2. Gold—Rader structure. (a) Pole distribution (6 bit). (b) Recursive part.
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a linear combination of new coefficients k, and k,,
which are given by

ki =d=V1-2cosop + 1 (5)

1-7
k2 = kl . (6)

A geometric interpretation is shown in Fig. 3, where
the distance d = k,. The pole distribution is demon-
strated in Fig. 4(a) and the block diagram of Eq. (4)
in Fig. 4(b). :

A further increase of the pole density near z = 1 can
be achieved [6], [7]. This new second-order transfer
function is given by

N(z
H(z) = 3( )—1 - -
1~ 2= zizg — 227" ~ (1 = zyz0)2
)]
It can be shown that
n=vi+th+h | (8)
L - b -
= 2. ©)
z)

The distance d from the point z = 1 is related to the
cocfficient z; by

5= V& . o)

This nonlinear relationship between the distance 4 from
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the point z = 1 and the coefficient z; can be seen in
Fig. 5(a), where the pole density of the new structure
is shown. The improvement of the pole density at low
frequencies is obvious. The corresponding block dia-
gram is shown in Fig. S5(b).

The pole distributions of the Kingsbury structure
and the new-filter structure show a reduction of the
pole density for higher pole frequencies. For the pole
density a symmetry to the imaginary axis as in the case
of the direct-form structure and the Gold—Rader struc-
ture is not possible. But changing a sign in the recursive
part of the difference equation results in a mirror image
of the pole density. This mirror image can be achieved
through the change of sign in the denominator poly-
nomial

!

D@ =12 Q27— @' — (0 — 229272 .
(11)
The pole distributions for the Kingsbury structure and

the new structure are shown in Fig. 6.

Im(z}
+

d

—t + Re{z}
1

Fig. 3. Pole locations in z plane.

x(k) ——HP—HP-

® ky -1

Fig. 4. Kingsbury structure. (a) Pole distribution (6 bit). (b) Recursive part.
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Fig. 5. New structure. (a) Pole distribution (6 bit). (b) Recursive part.
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2 ROUNDOFF ERROR ANALYSIS

In this section recursive filter structures are analyzed.
The comparison is based on fixed-point arithmetic. The
results can be adopted for floating-point arithmetic,
because the mantissa of the floating-point arithmetic
is mainly responsible for the roundoff noise behavior.
The block diagrams of the different digital filter struc-
tures are the bases for the roundoff error analysis. First
the general case is considered when quantization is
performed after each multiplication. The following as-
sumptions must be valid [8]-{11]:

1) The error sequence e(k) is a white-noise stationary
process.

2) The error sequence is uncorrelated with the exact
signal x(k).

3) The probability of the error process is uniform
over the range of quantization error. "

4) Different error sequences e;(k) are uncorrelated.

The variance of the quantization noise is easily shown
to be

(12)

where ( is the quantization step size. The quantization
error is added at each quantization point in the filter
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structure and is filtered by a specific transfer function
to the output of the filter. Therefore each transfer func-
tion G,(z) from the multiplier outputs to the output of
the filter structure is determined. The variance of the
output quantization noise is given by

1 .
o2, = "32—1r}£= 0 GOGEN s (13)

Exact solutions of the ring integral of Eq. (13) can
be found in [12] for transfer functions up to the order
of 4. With the quadratic L, norm

1 (=« .
Il = . [* 6@ a0 (a4)
0

the superposition of the noise variances at the output
is given by

o = a2 X lIGil} . as)

The signal-to-noise ratio (SNR) can be written as
0.5

SNR = 10 log oy [dB] . (16)
ye

Figs. 7-10 contain the block diagrams, the corre-

Error model

e1(k) + e2(k)
4

Y
A

4

AN
r; T

— y(k)

Noise transfer function

Gy(z) = Gylz) =

z2+byz + ba

1

Quadratic L2-norm

lel; = ls,): -

1+ba 1
1-b (1+4b32)2 - b,;?

Output noise variance

2

o] =

ye

12

Q2 , t+by 1
1-b2  (1+b2)% -2

Fig. 7. Direct-form structure,
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sponding noise transfer functions G,(z), the quadratic
L2 norms, and the noise variances of the different re-
cursive filter structures. Especially the noise transfer
functions are responsible for the spectrum shaping of
the quantization errors.

The noise transfer function of the direct form contains
only a denominator polynomial and no zeros. The re-
alization of poles close to the unit circle leads to high
amplification of roandoff noise. The influence of the
pole radius on the noise variance can be seen in the
equation for the output noise variance in Fig. 7, where
the coefficient b, = r2 approaches 1.

The Gold—Rader filter has an output noise variance
(Fig. 8) that shows the dependence on the pole radius
and no influence on the pole phase. This fact is based
on the uniform pole grid of this recursive filter structure.
One additional zero on the real axis (zg = r cos @) in
one noise transfer function reduces the effect of the
complex-conjugate poles.

The Kingsbury filter structure (Fig. 9) and the related
new recursive filter structure (Fig. 10) exhibit a similar
dependence on the pole radius. In the noise transfer
functions additional zeros at z = 1 are present which

DIGITAL FILTERS

are not influenced by the complex-conjugate poles.

Analytical results concerning the SNR of the new
structure in comparison with the direct form, the
Gold—-Rader structure, and the Kingsbury structure are
shown in Fig. 11. The state variables are quantized to
16 bit and the pole location is moved on a curve obtained
by a bilinear transform of a low-pass filter with Q =
0.7071. In Fig. 11(a) the pole frequency is varied from
20 to 200 Hz. This is a typical region for very low-
frequency audio filters. Compared with the other struc-
tures, the new filter structure has an improved SNR in
this low-frequency region (sampling frequency f, = 48
kHz). Up to 5 kHz the new structure yields better results.
Approaching one quarter of the sampling frequency
(12 kHz), reduction of the pole density can be noted
[see Fig. 11(b)].

In view of a signal processor implementation the
quantization does not have to be performed after each
multiplication. As long as product terms can be added
in an accumulator of double-precision word length,
quantization can be avoided. Quantization must only
be done when storing the results. This is demonstrated
inFig. 12 for the different filter structures. The resulting

Error model
ei(k) +ez(k) ealk) +eq(k)
L rsing
P -1 X D 21 — y(k)
. -~
rcose rcose
I - rsing
&
Noise transfer function
Gy(z) = Gylz) = rsing
! 2 22 - 2rcospz + r2
Z-rcose
G4(z) = Gylz) =
3 4 12-—2rcoscpz+r2
Quadratic L2~ norm
2 2 f+bo . (rsineg)?
G = G =
lodz = leol, = 5 e e
”G “2_ “G ”2_ | (1+(rsing)?)-(1+b2)? ~by?
E1PY a2 T yop, {(1+b2)2 - b2
Output noise variance
2. Q% , 1t
ye 12 1-ba

Fig. 8. Gold—Rader structure.
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expressions for the noise variances are given above the
block diagrams. The SNRs vesus the pole frequency
are shown in Fig. 13. For the direct-form and the
Gold—-Rader structures an improvement of 3 dB is ob-
tained. The Kingsbury and the Gold—Rader structures,
show similar results, while the new structure is 3 dB
better [see Fig. 13(a)]. In addition to the small coef-
ficient sensitivity the new structure shows a better
roundoff noise behavior for frequencies up to 2 kHz
[Fig. 13(b)].

3 APPLICATION OF ERROR SPECTRUM
SHAPING

The analysis of the noise transfer functions shows
that filter structures with zeros in the noise transfer
functions reduce the influence of the complex-conjugate
poles. This becomes more significant when the poles

PAPERS

approach the unit circle and especially the point z = |,
Roundoff noise and limit cycles [6] can be reduced
further through artificial zeros in the noise transfer
functions which cancel the effects of the poles. This
technique is called error spectrum shaping (ESS) [13]
because it performs a manipulation of the noise transfer
function. In this section this technique is described and
its application to recursive filter structures demon-
strated.

Quantization can be modeled as the sum of the ideal
output x(k) and the error signal e(k), as shown in Fig.
14. When there is access to the error signal e(k), a
modified model [see Fig. 15} can be considered. The
access to the error signal is possible if the signal pro-
cessing device has an accumulator of double-precision
word length. The lower part of the accumulator rep-
resents the quantization error. As a simple example
consider the feedback arrangement of Fig, 16. The

Error model

eg(k) ea(k) es(k)

$ L ko

? Q vgr 6 | -1 4 y(k)
Cil(‘) k1 z-1 3 k2 u

Noise transfer function

-kiz
G (z) =
1 2% -(2-k1kz-k12)z + (1-k1k2)
-ky(z-1)
Gylz) =
2E S (2 kike-kiZ)z+ (I-kikg)
-1
G (z) = z
3 zz-(2~k1k2—k12)z+(1—k1k2)
Quadratic Ly~norm
o= ks
1 - s - 2
2 kika 2(2-kjks) - kg
le s~ - :
2li2 k2  2:(2-kika) - k¢?
loil; = e 5o
3%z kikz 2:(2-kikg) - kg2
Output noise variance
2 _ Q_2 S5+ 2-bi+ 3-bsp
ve 12 (1-b2)(1+ba~by)

Fig. 9. Kingsbury structure.

238

J. Audio Eng. Soc., Vol. 42, No. 4, 1984 April



PAPERS DIGITAL FILTERS
Error model
e1(k) ea2(k)+ es(k) eglk)
l Zy Z1
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?Zi T -1 T z2 L—
Noise transfer function
.2
G (z) = 1z
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22 3 22-(2-z2122-213)z+(1-2122)
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4 22-(2-2422-213)z+(1-2122)
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ol = 2R
iz z1z2 2:213{2-2122) - 21%
2 2 216 2
G = |G = .
” 2”2 u 3”2 z1z2 2:213(2-zyz2)~ 2,4%
“G “2 .oz 2
aliz zi1zz 2213(2-z1z22) - 21©
Output noise variance
62 = Q° 6+ 4(b1+b2)+(l+by)-(1+by+by)1/3
ye 12 (1-b2) (1+by-by)
Fig. 10. New structure.
1°°T 100 ¢
80+ T oo LIS oIoISIRIRT s 4
T 27 T ®°7
3 T et 3
S ool
20 4 60 4
D:J- 50 L )
20 40 6 80 100 120 140 180 180 200 2000 4000 6000 8000 10000 12000
fo/Hz —> 19/HY —>
(a) (b)
Fig. 11. SNR versus cutoff frequency (quantized produce terms). 16-bit word length. New structure; . _ __ Kingsbury;
_ . . Gold—Rader; ------- Direct form.
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Fig. 12. Block diagrams (quantized sum terms).
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quantized output signal can be written as

Be®)lq = x(k) + ek) — ek — 1) an
and the output error signal is given by

eolk) = [x(0)lq — x(k) = etk — 1) (18)
with the z transform

Ey?) = (1 = 27 HE@) . (19)

Since there is an artificial zero at z = 1 for the noise
source in Eq. (19), this ESS has no effect on the ideal
input signal x(k).

This simple error feedback will be first applied to
the direct-form structure, giving insight into the use

of this technique. One simple zero at z = 1 leads to
the modified noise transfer function
1 -z}
Gi(2) = (20)

1 + b]Z-l + 022_2 '

The resulting output noise variance and the block
diagram are given in Fig. 17(a). The generation of a
double zero at z = 1 is possible with the feedback
structure shown in Fig. 17(b). The corresponding noise
transfer function is given by

I — 2270 4+ 572

.

21)

With decreasing pole frequency the coefficient b, in
Eq. (21) approaches —2 and the coefficient b,, 1. Thus
the error source is filtered by a high-pass transfer func-
tion without any amplification. The shaping technique
affects only the error source itself and not the input
signal, which is only manipulated by the transfer func-

x(k)
—o}— [x(k)]Q

DIGITAL FILTERS

tion, Eq. (1). If one chooses the feedback coefficients
for the error signal equal to the denominator coefficients
b, and b,, complex-conjugate zeros are generated in
the nominator polynomial of Eq. (21), which exactly

100 —

et

S/dg —>
]

Fig. 14. Error model.

x(k) —-—{j)'__)—_‘ [x(k)]Q

e(k)

Fig. 15. Error model with access to error signal.

x(k)
a [x(k)]Q =>
e(k)

+
LJ 21

Fig. 16. Error model with feedback.
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cancel the complex-conjugate poles. The noise transfer
function reduces to the constant 1. This choice of the
feedback coefficients can be viewed as a double-precise
arithmetic and is a computation time consuming task.
But simple nominator polynomials with easy to imple-
ment coefficients lead to very effective noise canceling
with a very small computation load.

Since the Gold—Rader, Kingsbury, and new structures
have already zeros in their noise transfer functions, a
simple additional zero is sufficient. The application of
error spectrum shaping to these structures is shown in
Figs. 18—-20 with the corresponding output noise var-
iances.

The influence of the shaping technique on the SNR
is analyzed with the methods of the previous section.
The signal word length is chosen as 16 bit. The curves
for the direct form are shown in Fig. 21 for a simple
zero and a double zero at z = 1. Even the simple zero
gives a great improvement. Fig. 22(a) demonstrates

62 - Q° .2
(1-b2){1+ba~by)

ve 12
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the ideal noise behavior for all structures (double zero
in the direct form) in the low-frequency region. The
curves for increasing pole frequencies are shown in
Fig. 22(b), where the double zeros at z = | have reduced
their influence. But the SNRs are still beyond the limit
of 90 dB for a 16-bit arithmetic. Extension of the dem-
onstrated results to larger signal word lengths can simply
be done in adding 6 dB for every additional bit.

4 CONCLUSION

Considerations on different filter topologies and the
connection between coefficient sensitivity and roundoff
noise in digital filters led to the approach of a new
digital filter structure with increased pole density at

6+2-by-2by
{(1-b2)-{(1+ba-by)

. @
6« 2

21
]
—4@.{——@—T———> (k)

-b, 21 -b, z-1
S——] —@—]
T
z-1 z-1
-bz —b2
——(x}q——j ———Oq———|
@ (b)

242

Fig. 17. Direct-form structure with ESS. (a) One simple zero. (b) Double zero.
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X X
]‘ -rsing
Xy

T\

Fig. 18. Gold-Rader structure with ESS.
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very low cutoff frequencies. A comparison with existing
solutions on the basis of a roundoff error analysis shows
a better performance of the new structure concerning
the two main effects, namely, coefficient quantization
and signal quantization. The application of the ESS
technique is demonstrated for different filter topologies.
It leads to a reduction of the signal quantization effects.
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